Abstract. In this paper we study smooth projective rational surfaces, defined over an algebraically closed field of any characteristic, with pseudo-effective anticanonical divisor. We provide a necessary and sufficient condition in order for any nef divisor to be semiample. We adopt our criterion to investigate Mori dream surfaces in the complex case.
Introduction
Let X be a smooth projective rational surface defined over an algebraically closed field K of any characteristic. A problem that has recently attracted attention consists in finding equivalent characterizations of Mori dream surfaces, that is surfaces whose Cox ring is finitely generated (see [ADHL] for basic definitions), for instance in terms of the Iitaka dimension of the anticanonical divisor. Indeed, if the Iitaka dimension of the anticanonical divisor is 2, then X is always a Mori dream surface, as shown in [TVAV] . If the Iitaka dimension of the anticanonical divisor is 1, then X admits an elliptic fibration π : X → P 1 and it is a Mori dream surface if and only if the relatively minimal elliptic fibration of π has a jacobian fibration with finite Mordell-Weil group, as shown in [AL11] . The authors are not aware of any previously known example of a Mori dream surface with Iitaka dimension of the anticanonical divisor equal to 0.
By [HK00, Definition 1.10], a smooth projective surface X is a Mori dream space if the irregularity of X vanishes and if the nef cone of X is the affine hull of finitely many semiample classes. In this paper we concentrate on giving necessary and sufficient conditions in order for any nef divisor to be semiample in the case in which X is a smooth projective rational surface with non-negative anticanonical Iitaka dimension. Our theorems hold in any characteristic; in the complex case we provide examples of Mori dream surfaces with vanishing anticanonical Iitaka dimension.
The paper is organized as follows. We introduce necessary notation in Section 1. In Section 2 we prove some technical lemmas about the stable base locus of divisors on a smooth projective rational surface. We use these lemmas to prove Corollary 3.2 of Section 3. In Section 4 we prove that, if the anticanonical divisor is not effective, then every nef divisor is semiample. In Section 5 we consider the case where the anticanonical divisor is effective, providing a necessary and sufficient condition for every nef divisor to be semiample. At the end of this section we prove that the blow-up at 10 or more distinct points on a smooth cubic curve is never a Mori dream space. Finally, in Section 6 we give an example of a Mori dream surface with vanishing anticanonical Iitaka dimension.
Ackowledgments. It is a pleasure to thank Igor Dolgachev for the suggestion of looking at Coble surfaces with finite automorphism group to produce examples of Mori dream surfaces, and to thank Michela Artebani for helpful remarks and discussions. We would also like to thank Ana-Maria Castravet for pointing out a mistake in an older version of this paper. We have made large use of the computer algebra program Magma [BCP97] in Section 6 of this paper.
Notation
In this section we gather the basic definitions and the standard conventions that we use throughout the paper. Let X be a smooth projective surface with H 1 (X, O X ) = 0. All the cones mentioned in this paper are contained in the rational vector space Pic Q (X) = Pic(X) ⊗ Z Q, see [ADHL] . The effective cone Eff(X) consists of the numerical equivalence classes of divisors admitting a positive multiple numerically equivalent to an effective divisor; the pseudo-effective cone Eff(X) is the closure of the effective cone. The nef cone Nef(X) consists of the classes of divisors D such that D · C ≥ 0 for any curve C in X. The pseudo-effective cone and the nef cone are dual with respect to each other under the pairing induced by the intersection form of Pic(X). The semiample cone SAmple(X) consists of the classes of divisors admitting a positive multiple whose associated linear system is base point free. Clearly, every semiample divisor is also nef, and therefore there is an inclusion SAmple(X) ⊂ Nef(X).
We specialize Definition 1.10 of [HK00] to our context. Definition 1.1. Let X be a smooth projective surface. We say that X is a Mori dream surface if the following conditions hold: (1) the group H 1 (X, O X ) vanishes; (2) the nef cone of X is generated by a finite number of semiample classes.
Condition (2) means that the cones Nef(X) and SAmple(X) coincide and that both are polyhedral. The statement that the cone Eff(X) is polyhedral and that the cones Nef(X) and SAmple(X) coincide is also equivalent to Condition (2). If the cone Eff(X) is polyhedral and rk(Pic(X)) ≥ 3, it is not difficult to prove that Eff(X) is spanned by classes of negative curves, that is integral curves C with C 2 < 0 (see [AL11, Proposition 1.1]). Examples of negative curves are (−n)-curves which are smooth rational curves of self-intersection −n. An exceptional curve is an alternative name for a (−1)-curve.
Recall that the Iitaka dimension k(D) of a divisor D is one less than the Krull dimension of the ring
if a positive multiple of D is effective and −∞ otherwise. Our initial approach is to study Mori dream surfaces according to their anticanonical Iitaka dimension k(−K X ). Toric surfaces and generalized del Pezzo surfaces, that is rational surfaces with nef and big anticanonical divisor, have anticanonical Iitaka dimension 2. Rational elliptic surfaces have anticanonical Iitaka dimension 1.
Nef and semiample divisors
Let X be a smooth projective surface and let C be an effective divisor on X. Suppose that the matrix of pairwise intersections of the components of C is negative definite. It follows that there is an effective divisor B with support on C such that for every irreducible component D of C we have B · D < 0.
Definition 2.1. We say that an effective divisor B with support in C is a block on C if for every irreducible component D of C the inequality B ·D < min{0, −K X ·D} holds.
Often in our applications, the divisor C is the union of all the integral curves of X orthogonal to a big and nef divisor N on X; in this case the required negative definiteness follows by the Hodge Index Theorem. In such cases we say that a block on C is a block for N . Observe that from the definition of block it follows easily that if B is a block for C, then the supports of B and of C coincide.
Lemma 2.2. Let X be a smooth projective surface. Let N be a big and nef divisor on X and let B be a block for N . Then the stable base locus of N is the stable base locus of the line bundle O B (N ). In particular, if R is a connected component of the block B such that the group H 1 (R, O R ) vanishes, then R is disjoint from the stable base locus.
Proof. To prove the lemma, we use some of the techniques of the proof of [Nak00, Theorem 1.1]. Let E be an effective divisor on X; we establish below the following assertion:
(⋆) there is an effective divisor Z with the same support as B ∪ E such that, for sufficiently large n, the restriction map
is surjective. Assuming (⋆) we deduce that, if E is an integral curve with N · E > 0, then the restriction of nN to Z admits global sections not vanishing identically on E, and hence that E is not contained in the stable base locus of N . Therefore the support of the stable base locus of N is contained in the support of B. Finally, from the proof of (⋆) we obtain that when E = 0 we can choose Z = B, establishing the main statement of the lemma.
We now turn to the proof of (⋆). Replacing if necessary B by a positive multiple, we obtain a block B ′ for N such that for every irreducible component
note that, in the case in which E = 0, we may choose B ′ = B. We show that the divisor Z = B ′ + E satisfies (⋆). Let A be an ample divisor on X. Since the divisor N is big, for large enough n the divisor
then D is a component of F and it is not a component of B ′ . It follows that the inequality N · D > 0 holds, and since F has only finitely many components, we obtain that for large enough n the divisor nN − Z − K X has positive intersection with every curve on X; since it is also big, we deduce from the Nakai-Moishezon criterion that the divisor nN − Z − K X is ample.
Thus, for every sufficiently large integer n the Kodaira Vanishing Theorem implies that the group H 1 (X, O X (nN − Z)) vanishes and (⋆) follows from the long exact cohomology sequence associated to the sequence
For the last assertion, by the assumptions it follows that the restriction of N to R is trivial; in particular the line bundle O R (N ) is globally generated and the result follows from what we already proved.
Lemma 2.3. Let X be a smooth projective surface with q(X) = 0 and let B be an effective divisor on X. If the divisor K X + B is not effective, then the group
Proof. From the sequence
we deduce that it suffices to show that the group H 2 (X, O X (−B)) vanishes. The first part follows by Serre duality. The second part is an immediate special case of the first and the lemma follows.
3. The K X -negative part of the nef cone Lemma 3.1. Let X be a smooth projective rational surface. If the divisor N on X is nef and it satisfies −K X · N > 0, then N is semiample. If N is not big, then it is base point free.
Proof. Suppose first that N is big and let B be a block for N . The result follows by Lemmas 2.2 and 2.3 since the inequality N · (K X + B) < 0 holds.
Suppose now that N is not big, and hence that N 2 = 0. The divisors K X − N and K X + N are not effective since N · (K X − N ) < 0 and N · (K X + N ) < 0. Therefore, by the Riemann-Roch formula, we deduce that the divisor N is linearly equivalent to an effective divisor. To avoid introducing more notation, we assume that N itself is effective. We deduce that the base locus of N is contained in N and that the group H 1 (N, O N ) vanishes by Lemma 2.3. In particular the line bundle O N (N ) is trivial and from the exact sequence
and the vanishing of the group H 1 (X, O X ), we deduce that the base locus of |N | is empty.
As a consequence of what we proved so far, we deduce the following result (see also [AL11, Theorem 3.4] and [TVAV] ).
Corollary 3.2. Let X be a smooth projective rational surface and suppose that there are a positive integer k and Q-divisors P and E such that P is non-zero and nef, E is effective, −K X = P + E and kP is integral. Every nef divisor on X not proportional to P is semiample; moreover P itself is semiample if P is big or kP is base point free.
Proof. Let N be a non-zero nef divisor on X. If −K X · N > 0, then we conclude that N is semiample by Lemma 3.1. Suppose that −K X · N = 0. In particular we deduce that P · N = 0 and hence that P and N are not big and that N is proportional to P . Again Lemma 3.1 allows us to conclude.
The anticanonical divisor is not effective
Let X be a smooth projective rational surface. In this section we assume that the anticanonical divisor −K X is not linearly equivalent to an effective divisor, but a positive multiple of −K X is. Let e be the least positive integer such that the linear system |−eK X | is not empty and let E be an element of |−eK X |.
Theorem 4.1. Every nef divisor on X is semiample.
Proof. If N is trivial, then the result is clear; we therefore suppose that N is nontrivial. Note that the divisor K X − N is not effective, as it is the negative of a non-zero pseudo-effective divisor. Thus by the Riemann-Roch formula and Serre duality we deduce that N is linearly equivalent to an effective divisor; to avoid introducing more notation, we assume that N itself is effective. If N is big, then let B denote a block for N ; if N is not big, then let B = N . In both cases the base locus of N is contained in B.
Suppose first that h 1 (B, O B ) = 0. By Lemma 2.2 we deduce that if N is big, then it is semiample. Thus we reduce to the case in which N is not big; the line bundle O N (N ), having non-negative degree on each irreducible component of its support, is globally generated. From the sequence
and the vanishing of the group H 1 (X, O X ) we deduce that also in this case the divisor N is semiample.
Suppose now that h 1 (B, O B ) ≥ 1. By Lemma 2.3 we obtain that the divisor K X + B is linearly equivalent to the effective divisor B ′ . We deduce that the divisor eB is linearly equivalent to the divisor eB ′ + E. If the effective divisor eB were equal to the effective divisor eB ′ + E, it would follow that every prime divisor appears with multiplicity divisible by e in E; in particular, the divisor E would be a multiple of an effective divisor linearly equivalent to −K X . Since we are assuming that −K X is not effective, it follows that eB and eB ′ + E are not equal and we deduce that the dimension of |eB| is at least one. In particular, N is not big, since otherwise the matrix of pairwise intersections of the components of B would be negative definite and hence no multiple of B would move. Therefore we have B = N ; write eN = M + F where M = 0 is the moving part of |eN | and F is the fixed part. Since the divisor N is nef and not big it follows that M · F = F 2 = 0 and by the Hodge Index Theorem we obtain that F is proportional to M . Since M is semiample, the result follows.
The anticanonical divisor is effective
Let X be a smooth projective rational surface. In this section we assume that X admits an effective anticanonical divisor. We let E be an element of the linear system |−K X | and we denote by ω E the dualizing sheaf of E. Since E is an effective divisor on a smooth surface, its dualizing sheaf is invertible and by the adjunction formula we have ω E ≃ O E . Moreover from the sequence
we deduce that h 0 (E, O E ) = 1; in particular the divisor E is connected and has arithmetic genus equal to one.
Let ι : E → X denote the inclusion and let
be the pull-back map induced by ι. The map ι * is a homomorphism of abelian groups whose image is a finitely generated subgroup of Pic(E), since Pic(X) ≃ Z 10−(KX ) 2 . If N is a divisor on X, then we denote by N E ∈ Pic(E) the class of the line bundle O E (N ).
We let Γ ⊂ Pic(E) be the image of the lattice Nef(X) ∩ K X ⊥ under the homomorphism ι * ; equivalently Γ is the abelian subgroup of Pic(E) generated by the classes N E , where N ranges among the nef divisors such that K X · N = 0. In particular, Γ is a finitely generated abelian group. We shall prove in Theorem 5.4 that the equality of semiample and nef divisors is equivalent to the finiteness of the group Γ.
Lemma 5.1. Let N be a nef divisor satisfying N · K X = 0. If N is semiample, then N E ∈ Pic(E) is a torsion element.
Proof. Let r be a positive integer such that the linear system |rN | is base point free.
Since N · K X = 0 we deduce that the linear system |rN | contains a divisor disjoint from E and hence (rN ) E represents the trivial line bundle and N E ∈ Pic(E)[r].
Lemma 5.2. Let N be a big and nef divisor satisfying N · K X = 0. The support of the stable base locus of N is contained in E. If moreover N E is a torsion element of Pic(E), then N is semiample.
Proof. First, we reduce to the case in which all the exceptional curves F on X such that N · F = 0 are contained in E.
Let F ⊂ X be an exceptional curve such that F · N = 0 and F is not contained in E, and let b : X → X ′ be the contraction of F . By construction, the divisor N is the pull-back of a big and nef divisor N ′ on X ′ ; moreover since E · F = 1 and F is not contained in E, it follows that F meets E transversely at a single smooth point. Therefore the restriction of b to E is an isomorphism to its image E ′ , and the restriction of O X ′ (N ′ ) to E ′ is isomorphic to the restriction of O X (N ) to E. Finally, if N ′ is semiample, then also N is semiample. Repeating if necessary the above construction starting from X ′ , N ′ and E ′ we conclude the reduction step. Observe that the process described above terminates, since at each stage we contract an exceptional curve, thereby reducing the rank of the Picard group of X.
Thus, we assume from now on that the exceptional curves F on X such that F · N = 0 are contained in E.
Let B be a block for N . Let F be a component of B not contained in E. Thus we have F 2 < 0 and F · E ≥ 0; it follows from the adjunction formula that F is a smooth rational curve and either F · K X = −1 and F is an exceptional curve, or F · K X = 0 and F is a (−2)-curve disjoint from E. By our reduction we conclude that every irreducible component of B not contained in E is disjoint from E; we thus have B = B ′ + E ′ where the support of E ′ is contained in the support of E and the support of B ′ is the union of the components of B disjoint from E. We now show that no component of B ′ is contained in the stable base locus of N ; for this it suffices to show that the divisor K X + B ′ is not effective by Lemmas 2.2 and 2.3. Since the matrix of pairwise intersections of the components of B ′ is negative definite, the divisor B ′ is the unique element of the linear system |B ′ |.
If the divisor B
′ − E were linearly equivalent to an effective divisor B ′′ , then the linear system |B ′ | would contain the divisor B ′′ + E contradicting the fact that |B ′ | = {B ′ }. Thus the divisor K X + B ′ is not effective, as we wanted to show, and the stable base locus of N is contained in E ′ . To prove the second part, we show that no component of E is contained in the stable base locus of N . Let r be a positive integer such that (rN ) E is trivial. From the Kawamata-Viehweg Vanishing Theorem (see [Xie10, Corollary 1.4] for the positive characteristic case) we deduce that the group H 1 (X, O X (rN − E)) vanishes and therefore using the exact sequence
we deduce that there are sections of O X (rN ) that are disjoint from E and the lemma is proved.
Lemma 5.3. Let N be a nef non big divisor satisfying N · K X = 0. If N E is a torsion element of Pic(E), then N is semiample.
Proof. If the divisor N is trivial, then the result is clear. Suppose that N is non-zero and let r be a positive integer such that (rN ) E is trivial. Observe that h 2 (X, O X (rN − E)) = h 0 (X, O X (−rN )) = 0, since for every ample divisor A on X we have A · N > 0 by Kleiman's criterion and therefore the divisor −rN cannot be effective. Thus from the exact sequence
and the fact that h 1 (E, O E ) = 1 we deduce that h 1 (X, O X (rN )) ≥ 1 and thus that the dimension of the linear system |N | is at least one, by the Riemann-Roch formula. We may therefore write N = M + F , where M = 0 is the moving part and F is the divisorial base locus of |N |. Since N is nef and not big we deduce that M · F = F 2 = 0 and thus by the Hodge Index Theorem we conclude that F is proportional to M and the lemma follows.
Theorem 5.4. Let X be a smooth projective rational surface and suppose that E is an effective divisor in the anticanonical linear system. The subgroup Γ of Pic(E) is finite if and only if every nef divisor on X is semiample.
Proof. Suppose that the group Γ is finite and let N be a nef divisor on X. If −K X · N > 0, then the result follows from Lemma 3.1. Suppose therefore that −K X · N = 0. It follows that N E is contained in Γ and by assumption it has finite order. We conclude using Lemmas 5.2 and 5.3.
For the converse, suppose that every nef divisor on X is semiample. Let N be a nef divisor on X such that K X · N = 0. By Lemma 5.1 we deduce that N E has finite order. Therefore Γ is finite, being a finitely generated abelian group all of whose elements have finite order; the result follows.
Example 5.5. Let X be a smooth projective rational surface such that a positive multiple of the anticanonical divisor is effective.
Suppose that the anticanonical divisor of X is not linearly equivalent to an effective divisor, and let e be the least among the positive integers n such that the linear system |−nK X | is not empty. In view of Theorem 4.1, every nef divisor on X is semiample. We first show that if E is an element of the linear system |−eK X |, then the cohomology group H 1 (E, O E ) vanishes. Indeed, from the long exact cohomology sequence associated to
which vanishes by the definition of e. Next, if N is a nef divisor on X such that N · K X = 0, then it follows that the restriction of N to E is trivial, since the divisor N has degree zero on each irreducible component of E. We see that in this case "there is no space" for nef divisors that are not semiample: the subgroup of Pic(E) generated by the classes of the restrictions of the nef divisors to E is trivial. Suppose that the anticanonical divisor on X is linearly equivalent to an effective divisor, let E be an element of the anticanonical linear system on X, and let E ⊂ Pic(X) be the sublattice generated by the irreducible components of E. We analyze the possibilities for the group Γ in terms of the anticanonical Iitaka dimension of X and of the signature of the quadratic form on E .
The anticanonical Iitaka dimension of X equals two if and only if the quadratic form E represents positive values. In this case the anticanonical divisor of X is big and the group Γ is trivial, since a nef divisor that is orthogonal to a big divisor vanishes. The class of rational surfaces with big anticanonical divisor is analyzed in [TVAV] .
If the anticanonical Iitaka dimension of X equals 1, then the quadratic form E is negative semidefinite and it is not definite. Let M denote the moving part of a positive multiple of the anticanonical divisor on X with positive dimensional linear system. A nef divisor on X orthogonal to the anticanonical divisor must be orthogonal to M , and, by the Hodge Index Theorem, it is therefore proportional to M . We deduce that Γ is cyclic and torsion. The class of rational surface with anticanonical Iitaka dimension 1 is analyzed in [AL11] .
If the anticanonical Iitaka dimension of X equals 0, then the quadratic form E is negative semidefinite. If the quadratic form on E is not definite, then there is an effective nef divisor F with support contained in the support of E, whose class generates the kernel of the intersection form on E . In this case, the group Γ is again cyclic, contains the group generated by F with finite index, but Γ is not torsion, since otherwise a positive multiple of F would be base point free, contradicting the fact that the anticanonical Iitaka dimension vanishes. If the quadratic form on E is negative definite, then there are easy examples in which the group Γ is infinite and others in which it is finite. We analyze one such example after proving the following result.
Proposition 5.6. Let X and E be as above. Suppose that the quadratic form on E is negative definite. Then every nef divisor of X is semiample if and only if, for every [D] ∈ E ⊥ , the line bundle O E (D) represents a torsion element of Pic(E).
Proof. The irreducible components of E span an extremal face of the effective cone and therefore there are nef divisors N on X such that if F is an integral curve on X with N · F = 0, then F is a component of E. More precisely, the set of nef divisors with the above property is a non-empty open subset of E ⊥ . In particular, there is a basis of the space E ⊥ consisting of nef divisors, and we conclude by Theorem 5.4.
Example 5.7. Let E ⊂ P 2 be a smooth plane cubic curve and let p 1 , . . . , p r be distinct points lying on E. Denote by X the blow-up of P 2 at the points p 1 , . . . , p r , by E the strict transform in X of E. We denote by ℓ a line in P 2 and by ℓ E the effective divisor on E induced by ℓ; note that the degree of the divisor ℓ E equals 3. If r ≤ 8, then the quadratic form on E is positive definite and every nef divisor is semiample (Lemma 3.1) .
In case r = 9 the intersection form on E is negative semidefinite and is not definite since E 2 = 0. We observe that E, which is nef, is semiample if and only if the line bundle Corollary 3.2) .
Consider now the case r ≥ 10, that is when the quadratic form on E is negative definite. Let E 1 , . . . , E r be the exceptional divisors of the blow up morphism X → P 2 . The classes of E 1 − E r , E 2 − E r , . . . , E r−1 − E r and ℓ − 3E r span E ⊥ . Moreover these classes restrict to the classes of p 1 − p r , p 2 − p r , . . . , p r−1 − p r and ℓ E − 3p r on Pic(E). Thus we conclude by Proposition 5.6 that any nef divisor on X is semiample if and only if each of the above classes is torsion in Pic(E).
Examples of rational Mori dream surfaces with
We begin by recalling the following definition given by Dolgachev and Zhang in [DZ01] .
Definition 6.1. A Coble surface X is a smooth projective rational surface with −K X not effective and −2K X effective.
In this section we provide an example of a Coble surfaceỸ with finitely generated Cox ring and k(−KỸ ) = 0. Here we consider the following construction. Inside the moduli space of Enriques surfaces there are exactly two 1-dimensional families of Enriques surfaces whose general element has finite automorphism group. These have been classified in [Kon86] . To describe the general element Y t of one such family, we recall a construction given in [Kon86, §3] . Let φ be the involution of
Let C t t∈P 1 be the pencil of curves of degree (2, 2) in P 1 × P 1 given by 
An elementary calculation shows that C t is smooth irreducible for t = 1,
Moreover, the curve C t has an ordinary double point, for t ∈ { 1 2 , 3 2 }, it is the union of two irreducible curves of degree (1, 1), for t = 1, and is the union of L 1 , . . . , L 4 for t = ∞. Note that the base locus of the pencil C t consists of the four points
and also note that each of these points is contained in two of the curves L 1 , . . . , L 4 . For each s ∈ P 1 the birational map π s : S s → P 1 × P 1 is obtained by first blowing up the four base points of the pencil C t and then blowing up the 12 points of intersections of any exceptional divisor with the strict transform of C s and of L 1 , . . . , L 4 . Thus the surface S s is rational with Picard group of rank 18.
For each t ∈ P 1 , the reducible curve B t ⊂ P 1 × P 1 defined by
is a divisor of degree (4, 4), invariant with respect to the involution φ. Dropping the subscript t from the morphisms to simplify the notation, this leads us to the diagram
where the morphism π is birational, the surface S t is rational with Picard group of rank 18, the morphism ϕ is a double cover, the branch locus of ϕ consists of the strict transform B ′ t of B t together with a union Γ of disjoint curves in the exceptional locus of π, and finally ψ is the double cover X t → Y t = X t / σ , where σ ∈ Aut(X t ) is the involution induced by φ.
Kondo proves that Y t is an Enriques surface for all t different from 1, is irreducible and has an ordinary double point and let X 0 := X t0 be the corresponding surface. Then X 0 has a singularity of type A 1 at a point p. Since p is the only singular point of X 0 , it must be stable with respect to the involution σ, and thus Y 0 is singular at one point q as well. This leads to the commutative diagram
where π p and π q are minimal resolution of singularities,X is a K3-surface andψ is a double cover branched along the exceptional divisor E of π q .
Proposition 6.2. The surfaceỸ is a Coble surface.
Proof. Let σ ∈ Aut(X 0 ) be the involution induced by φ. As we noted before, σ(p) = p so that σ lifts to an involutionσ ofX. The involutionσ is non-symplectic since σ is non-symplectic and that the exceptional divisor R := π −1 p (p) is fixed by this involution. Thus the quotient surfaceỸ =X/ σ is a smooth projective rational surface. Observe that the branch divisor ofψ is contained in |−2KỸ |, and in particular −2KỸ is effective. Moreover, since ψ does not ramify along a divisor, the branch divisor ofψ is exactly E. Since X 0 has an A 1 -singularity at p, it follows that F = π −1 p (p) is a (−2)-curve onX. In particular, the curve E =ψ(F ) is irreducible and reduced with E 2 < 0. Thus −KỸ cannot be effective, since otherwise E ∈ |−2KỸ | would be non-reduced.
We are now ready to prove the following.
Theorem 6.3. The Cox ring ofỸ is finitely generated.
Proof. We want to use [Kon86, Corollary 5.7 ] to prove that the group Aut(Y 0 ) is finite, even though Y 0 is a rational surface and not an Enriques surface. The reason we can still apply Kondo's result is that the Néron-Severi lattice of Y 0 is isomorphic to the Néron-Severi lattice of an Enriques surface, and moreover the minimal resolution of the limit X 0 of the K3-surfaces X t is still a K3-surface and therefore it still corresponds to a point in the period space. Moreover Y 0 is Kawamata log terminal, klt for short, since Remark 6.4. In general a Coble surface is not a Mori dream space. To see this let p 1 , . . . , p 9 denote the nine intersection points of two general plane cubic curves C 1 and C 2 . Let q ∈ C 1 be such that the divisor class of p 9 − q is a 2-torsion point of Pic(C 1 ). Then the blow up Z of the plane at p 1 , . . . , p 8 , q admits an elliptic fibration defined by |−2K Z |. Due to the generality assumption on C 1 and C 2 , it is easy to see that the linear system |−2K Z | does not contain reducible elements. Equivalently Z does not contain (−2)-curves, so that it is not a Mori dream space by [AL11] . By an Euler characteristic calculation the fibration induced by |−2K Z | contains 12 nodal curves. The blow up Y of Z at one of these nodes p is a Coble surface since |−K Y | is empty, but |−2K Y | contains the strict transform of the fiber through p. Moreover Y is not a Mori dream surface since Z is not a Mori dream surface.
In the following remark, we obtain a description of the Coble surfaceỸ as an iterated blow up of P 2 .
Remark 6.5. The Coble surfaceỸ constructed above as the minimal resolution of a limit of a family of Mori dream Enriques surfaces contains (at least) the configuration of (−2)-curves of the general element of such family. The intersection graph of this surface is given in Figure 6 .1 (see [Kon86,  Example 1]), where double edges mean that the corresponding curves have intersection equal to 2. It is not difficult to see that F := E 1 + E 2 + E 3 + E 5 + E 6 + E 7 + E 8 + E 10 has F 2 = 0 and |2F | is an elliptic pencil onỸ with two reducible fibers one of type I 8 and one of type I 2 . ThusỸ is the blow-up of a Mori dream surface Z with Picard group of rank 10, admitting an elliptic fibration whose dual graph of singular fibers contains I 8 and I 2 . The surface Z ′ defined by the jacobian fibration of that induced by |−2K Z | has finite Mordell-Weil group by [AL11] . Moreover Z ′ is unique up to isomorphism and its unique elliptic fibration, given by |−K Z ′ |, admits exactly four singular fibers of type I 8 , I 2 , I 1 , I 1 , by [Dui10, Proposition 9.2.19]. This is the same configuration of singular fibers of the elliptic pencil defined by the linear system 
